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UNIT-Y
Wuadratic Residuue 

If Congvtente =ncmad P) has a solution 
Lve ay that n b a @uadratic vesiadue mel P ana he 
waite nRP 1 O has no olution we 6ay at niA @uadrafie ron rasifolle moaP and ue torite.be hRP 
Ecample 

To find the auadra tie ResT due mo dulo 6olution. 
We squa7e The number 19,.. 16 and etidue oood l we obtain 

+5tmed n) 8=9 Cmocd n) 

6 E3 (modi) 44 med) 
BCmod i) 1o (mol 1) 
TE 5Cmcd ) 

Consequently the Quadratic esidue mod ll ae 

34,S9 an d hon bes iolue ate 6,T 8, 1o 

heorem:STI 

Let p be an dd fpalme hen evely e odue d vescdue 

ptem maalp contans exa tty (P-D/2 auaoaui 

esi adues and exactty cP0/ Duadaaic hon-rei duu 

mod p. the uadratic vesidue belang to thu vesi due aan 

Corntainery tte numben 2 (E 0 

Firsl hote that the nanber e in are 
distinct mod P 

T x modp) eoith lex s2) and 
ey e (P then (x)CK+y) =o cmod p) 

But 1 IJ <P 

o-yEo (mod p) h 
y Cmod P) 
Hen& 

Aina cp-k)=* Crood ) 



Eiey uacha He i due is 0ryiuen e mod p b 

Cxacdly re y the number in0 

Leg enare ls Aymbol end i PReperulies

lct p be an oold Pime I nfo Cmodlp) ue 

define leng endr e ts ymbel cn/p) as follous 

cP/P)-inRP CP) hap 

fnsotmedl p) Ne dleyine t/p)=o 
Example p)=l (mTp)= s 

/h)=-15 ()=o 
Theorem iterion 

fucleris Clterion a 
let p be an cdd poime than orll n ve have 

P)En P-0A cmoad p 

Proe Tf nEoCmodp) R 
The vesult is trivial 

STne both members langrnuent 
Now SuPpose that (n/p) =l 

than these csts an integen Such that 

En 
and hena n P x 2)P 1(/) 

CUsing FeYmat s 
Theo rem Thes Prove the theorem 

(/P)= 
Suppese that (p)=-1 

Corsider tie pelynomfal fod- * 
Rine f(x) hasdegree (P-D/ he congvruente

P 

f) =ocmod p) has atest (P-))h solu tion 
But Tha CP- 2 Quuadralle residuus mod P a 

olution So he non esides ae not 

henu n # moaP)14 (h)= 1 



n Ch-D s t1 Cmodp) 
nD (P)cmodp) 

heovem S3 Giaus lomma 

Buut 

Aasume Fo (nal p) ancd tonsidey the loart Pokitive Csidlua 

pod ho folbwing cR, mul tiples o h h,31,3n- 

P-V,n0 1f m olenotes the nunbey bj these vesia 
oheh excecds P/s ten (/p) = C-)"2.m 2.mON 

Pre The numbey In ave tongvuent mod p 

ve consid er thelr kast poxitive Yesfaues and dstvi butie 

hem into 2 odljoint Se t A anclB 

ACtor ding as the destalues ane /2 Dr S> P 

Thus A-Sa, a,a 
Nhere eath aj = th Cmod P) 

For 5ome ts (P-0/2 and 02 af< P2 

anod B-$b, ky,. bm 
wegu each bi = SnCmod P) 

FOr Some Ss CP-0 and bi er 
Note that mtk =P- 

Bihe A and B ae dls tinet 

The numben m ej elemanti tn B Pentirent 

Form a neuo set e 0 m elemunts By subtra crg 

e0ch bi from P 7 ?i3ay.. g 
where c = Pbi 

Ko le elements qy e lies In lhe Bame ntervo as tha 

elementsA 
ha shew that la sets A andc disyoint 

HAsume = aj for some Paiv /andj 

thun P.bi saj (m) ajt6j = omoap 



tntSn EoCmadp 

+5)n Eocmeol p) 

Fex Some Sandt wit 1t<P/h, 1s sep; 
But this k Tmposi bke 

Aine P dn and Destt<p 
A and e ae disjoint 

So thein unen Auc centains 
mtt =CP-DJ ntegen Tn he inteval 1, 

Hene Auc= Sa,92,Qk aCmý 
1,, (P-a3 

d foom Prcduct all elmerts on Auc to obtain 

7O,0sy akC1 Cmy 
Sina C P-b 

This gives up 

(P2) , 42 4CP b)(P ba)-..(P-bm) 
(BI) (9'a,, akb ba- bm (md p = (-Dm n P)! Cmood p) -)" cmod P 

B Eulers Criterio n 
- E n Cmoo P 

Hen e (-0m= ("/P) tmod P) 
1heorem S4 
legerchels Aymbol p) ú a empletey mulkiplicative

4h Tf Pm ard PIn NOV-14 oP 
then P/mn ( =o and 

either ("P) = o (or) ("/p)=o 

then P m and Pn 



#hen Pmn and ve hav 

/ma) Dmn) Cmodp) 
m()n () teodp) 
(p)/p) emod P) 

Bd each fmp), cmp) and (/p) i 1 by)- 

the dfferene (ae)-h)() =o Cm colp) k oiter 2 co) 

Sina e ofrene á osbe byPH nust -8 

be o 

Ye)--) (PA)- PEI Cmd4) 

Fre 

Thecrem SS Evaluation (p)and(/p) 

For every Cdd poime Pme have 

Ye)-(- 7 
pE-I Cmod 4 R 

By Fuler s itevion 

we have /-6)E -O) Cmacdl P) 

ine each member this tongut ere or- 
The too Pcmbers a eua 

Th cbvemS6 
For evey cdd prime P he have 

P)= e-) ( r+3 (mod 8) 
1Pl Cmed 3) 

(onsidey he 4ellouoing (congruene 
P-1EIG)' cmod p) 
R- cmoap) 

P3 F 3-)(red P) 
4E4 c-0t (rmedP) 

7=(-)mal p) 
Whona ven Yh ethe P-() maliply hek togatkes 

nd nete trat eath înteqr on the let 6 vn/E 
heobtaun Tmodl P 24-6(P-)= (! C9 



Thes given us 

2()-()! = (E!E Temalp 

ine (P V4)Ho CmaP 

2 ) = )/)tmed p) 
By fulerls olterten hve hav 

2 = (e)Cmadp 
ra oe each membey i /0r 

The two membens ate aqua Thorem 5 
let p be the number defined is braus lemma then CP-9/2 m 

tCn-) PECmod a) In pan ticular 2 
8 

nfh cld ve have M ] tmod 3) Pro 
Let m Uhe an 
Let m u the numben least pasitive o aus 

the nuwmbe D,2n,3n,-
1ake a pkal nuwmben ay tn oivide it by p ang ex amine the Size the remainde we have 

t= P/)t where oep 

Tha numben tn- P[] he least postive 
Tescue tn mocteslo P 

Rejsning to he set A and B wedin the Point 
C4 the iaus lemmna 

we have n % -eb,eb 
by 6iauus Lemma 

,3 (2f 7a 4gak C1 C Cm 
wltwhere each Cf= P-b; 

New, we com pute the dluns 0 the element in 

bhy sets o obtan the tuo equaten 



2 a t, 6 and 

JE 

E a+ 

t2aj tmp-, 
Th the cquation we eplate its oletruhen 
we obtaina:+bj = n t t/p-@ 

JEI 
The equat on CP-D/2 
p+a-S j = 2t 

t=l J 
Adadig 3 and e7 CP- 

mpt aj = Co+0-PETA} 
bp-dh, (n+1) PEI-PE ft 
t NOW we Tedute this mocdulo 2 

htlEtn-)(moda) and 
PEI tmod a) (P-D/2 

mE (n-n (P)+ p] Cmad-) 

TPLvem SO uadratie Reciprocity laus 
HP andq e clstinet cdd primus hen (Pa)lP)= 

(-0 - (-)/4 

Pro 
By 6iau Lemma 

he have (VP)=t-D 

we have m= /t cmod:) (By thm ST) 

m ade have 

Lmd) m 



6ioilavly 
(Pa)-C-0 

-D 
Cmod) 

hena (Pa)/VP)= (-)and/Pa)/"p) =L-0 
at one rom th clet 

ta 
TO PeA 

c-D/2 

lonsidey the unc tion 
f = 91-P 

T ahdy ron-zeto nteges Bhen flty) a 
hon- zeo îrteges 

Moveover asz taka thu valuus 1,9,... Ip) 

and alo takas Hhe Vales 1,A(-3 lhen fexy) 
taks()/ yalus n0 two thich ane aqual 

gin xsy)-f Ca,g)= F[ (r-), ty-y9] #o 
Now, Re Cecunt the numben e vallues fCx) 

ohch ne positue and the numben whiech ate nagative for 

eath f1d we have, f(x) P0 1f y< (o) 
Hlence tta total humber x pozitive value us 

P hoilaaly tio heumber o riegalue valur 4 

Sine he numbet o p062live ancd negartive valuus 



a)n) 

-(-) CF-) C)-)/4 
Jatobi ymbe 
1PE a pastive cad Toteger nd with Prime 

factovizaton p-_T he rcob? yméel (PP) a 
E 

efined qor all tntegers n by the equa tron( ) ) 

wheve/) the Lengendieymbels -we also defned 

Note T pand & ae odd positie Integers ne have

a) (hP) (/P)=/) 
(e) a)= ("/ra) 
e)(FE) ohenever mEnCmod p) 

aCap) =("P) ohonever Ca,P) 

TheoremS79 C 
T P B an odd positive integer we have ()= G-Y 

()- -) P and 

Pro cwnite P-P coheve the prime factor 
Pr ane hot necesatuly olistntt 

Thes Can be also pUPIlien as 

P T Cl+P;-) 

Ch-) 
I+ -) CB-)-Cin-

I+Cp-) +s CPr-0C-Dt* 
en The 

But each factor Pi even so each Sum 



fhst affai ble by 4 
Hence PtCh-) Cmed 4) 

Ya(P-)=% CR:-) Coede) 

P 

s- 
P- C14R-0 

Sinte f ls odd 
we have PI Cmocd 8 

P-E OCmads) 

PEl+3 CP-D Cmod 64) ( or) 
PEDS PE DCmod 3) 

hene ( /P) R)T C-) 
(P)--

Thecr em. S10 
Keci proci t lawri dor Jacobi ymbo 

Pandl a are fositive Odd Tntees with CP,a) = 1 

then [P/a) (/P) = C-) P-) Co-D/ 

Pho P-hB fn 
V m 

Shee P and j a primes 

Cwnite Nov-19 

(Va) (p E[%:)( "h) 
C-0 vhee r=mth 

olnus, 



TO each Factor, wefod that 

VaCh-n %(j-) 
Jet 

Va CPr-)V-) 

ve know that By thm 59 

h CP-) = % CPDCroaada) 

Ve Cy-) =% (0-) Cmoda) 

JE ())cmod a) 
Hena o)( P)= C-D CP-D[0-) 

Theorem SI|
Diophántine equation y-xk 0 has na 

Ao lution iy k has the term k = (4n- 1)3 -4m 0 uwhne 

oand n awe int egprs Kuch that ho 5oluutin Pruma pE ) 

nod 4) divides m RsP 
Proef Asume a oluten Ks} eist andobtain a 

ertraduetien by lens iaderung lhs equalion modulb 4 

inak Ec) Cmed 4) we have 
YEx t mod 4) 

NOW yo (or) 1 Cmcd 4) gor evarg 
S0 equa tion Cannot be 6atisfius 

f is even Cor) if E-I (macd 4) 

bVe nust have x=1Cma ) 

voo,Let a=4n- 
Ao thad k: as-4m 

Ou equation in the form 

(Xta) (x
ax+a) 

na E1 Cmod 4) and a = -) tmod 4) we have fia 

aK td 5I-ata = -Domod4-E 



Hente -ax +a iR cold 

equation6 houw that al ts pme factors Canne 

PE ICmcol ) 
Home prlme p5 Dmed 4) dtvides ax+ and 

equaten Shous That 77e alo dvides +am 
In oth en corada y-4mCmodp) 

ror Aomeps DCmod 4) 
Btut Pot m by hy po thesis 

9(A= (h): 
Whith Ts contradiction 

The Diaphantine eguaton has no 6oluctorn 

Nov-19 
P eline Jaccbi ynbals( 
Frd fhe valus ) 


